In the present article, a production-inventory model is developed over a finite planning horizon where the demand varies linearly with time. The machine production rate is assumed to be finite and constant. Shortages in inventory are allowed and are completely backlogged. The associated constrained minimization problem is numerically solved. Sensitivity analysis is also presented for the given model.
INTRODUCTION
The classical EOQ (Economic Order Quantity) model assumes that the demand rate is constant. However, in the real market, the demand for any product cannot be constant. Reaserchers have paid much attention to inventory modelling with timedependent demand. Silver and Meal [1] developed a heuristic approach to determine EOQ in the general case of a deterministic time-varying demand pattern. Donaldson [2] discussed the classical no-shortage inventory policy for the case of a linear, timedependent demand. His treatment was fully analytical and much computational effort was needed in order to get the optimal solution. Silver [3] , using Silver-Meal heuristic, [42] ) developed the EPLS models taking linear trend in demand with shortages over a finite planning schedule. In these models, he assumed that the production rate is adjusted at the beginning of each production cycle to cope with an increasing demand, and the cost of adjusting the production rate depends linearly on the magnitude of change in the production rate. Giri and Chaudhuri [43] discussed a production lot-size model with shortages and time-dependent demand. The model is developed over an infinite planning horizon where the unit production cost is taken to be a function of the production rate, the demand varies linearly with time, and the shortages in inventory are permitted and fully back-ordered. Significant contributions to the study of the EPLS models came from researchers such as Yan and Cheng [44] , Balkhi [45] and Balkhi, Goyal and Giri [46] .
In the present paper, we discuss the EPLS model for a deteriorating item over a finite planning horizon with a linear trend in demand and shortages. The machine production rate is assumed to be finite. The production-inventory system in each cycle consists of four stages. The initial stock in each cycle is zero and shortages begin to accumulate at the very beginning of the cycle. Production starts after a certain time and the accumulated shortages are fully supplied after adjusting current demands and deterioration and then inventory becomes zero. As production continues, inventory begins to build up continuously after adjusting demands and deterioration. Production stops at a certain time. The accumulated inventory is sufficient enough to adjust demands and deterioration for the rest of the cycle. The cycle ends with zero inventory. The reasons for selecting this type of production-inventory cycle are as follows:
At the initial stage, shortages may occur due to several reasons, such as delay in machine maintenance, shortage of raw materials, shortage of labour, etc. Subsequently, shortages continue to accumulate for some time. When these problems are removed, production starts. In the second stage, shortages are gradually cleared after adjusting demands. As production continues, the inventory builds up. It is necessary to stop production after some time due to reasons such as limitation of warehouse space, maintenance of machines, etc. At the final stage, there is no production and the accumulated inventory is gradually depleted and ultimately becomes zero due to demands and deterioration.
In the present paper, we assume a uniform production rate which is actually the CDPR (critical design production rate) of the manufacturing machine. Production starts and stops after some time to make room for machine maintenance. The demand rate in this model is assumed to be linearly time varying, and we consider the cases of both increasing and decreasing demands. The assumption is quite appropriate from a realistic point of view because the demand for some items such as electronic goods, fashionable clothes, luxury goods, etc. increases steadily after consumer acceptance, while the demand for the obsolete items decreases steadily. It is assumed that a constant fraction , (0 < < 1) θ θ of the on-hand inventory deteriorates per unit time. The optimal number of cycles that minimizes the average system cost over a finite time horizon is determined. The results are illustrated with numerical examples. The sensitivity of the optimal solution to changes in different parameters is also examined.
ASSUMPTIONS AND NOTATIONS
The following assumptions and notations have been used in developing the model.
(i) The time-dependent demand rate is ( ) = f t a bt + , > 0 a , 0 b ≠ . Here a is the initial rate of demand, b is the rate with which the demand rate changes.
(ii) Shortages are allowed and are completely backlogged.
(iii) The time horizon H is finite.
(iv) The time horizon is divided into a finite number of replenishment cycles, e.g. n, each of which is taken to be of equal duration for the sake of simplicity.
(v) The production rate P is finite and constant. (vii) A constant fraction θ , (0 < < 1), θ of the on-hand inventory deteriorates per unit time.
FORMULATION AND SOLUTION OF THE MODEL
The initial stock of the i-th cycle (i=1,2, ----n) is zero. Shortages begin to accumulate over 1 1 [ , ] 
r u v i n For every machine, there exists a critical design production rate which is taken as the production rate in the proposed model. Here we assumed that the time of shortage is a fixed proportion of each cycle; but the times at which production starts and stops in each cycle taken to be variables. The instantaneous inventory level ) (t I at any time ) ,
is governed by the following differential equations:
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The solution of equation (1) is
The solution of equation (2) is
t t a t t t t t t t
from equation (5), the above relation becomes
The solution of equation (3) 
The solution of equation (4) 
From the relations in (A), we get
and using relation (B), we have from equation (6), 
The shortage during the time interval 1 1 [ , ]
The shortage during the time interval 1 2 [ , ] 
Using (7), the inventory during the time interval 2 3 [ , ]
Using (8), the inventory during 3 [ , ] 
Now our aim is to minimize CUT , 0 < < 1 r , 0 < < 1
This is a constrained minimization problem and can be solved by various optimization techniques (such as Box Complex Algorithm, Penalty Search Method, etc.) or by various software packages (such as Mathematica). For a fixed n, we can find the minimum value of CUT and optimum value of r. Afterwards, we find the minimum of set of minimum values of CUT for different values of n. Finally, the corresponding values of n and r constitute the optimum solutions of n and r.
NUMERICAL EXAMPLE
Let us take the parameter values of the inventory system for an increasing demand as a =50, b =3, P =110, H =6, Figure 1 
SENSITIVITY ANALYSIS
We now study the effects of changes in the values of the system parameters s C ,
A , a , b , P on the optimal solution. The sensitivity analysis is performed by changing each of the parameters by 50 % , 20 % , -20 % , -50 % , taking one parameter at a time and keeping the remaining parameters unchanged. The analysis is based on the results obtained in Table 1 .
On the basis of the results shown in Table 4 , the following observations can be made: 
CONCLUDING REMARKS
The production inventory model developed here incorporates the following practical features:
1. It is applicable to an inventory which deteriorates over time.
2. It is concerned with a linearly time-varying demand.
3. It allows shortages in inventory. 4. It is suitable for a finite planning horizon. 5. The item in stock is manufactured at a uniform rate.
The production inventory cycle is also based on some practical considerations. Each cycle starts with a zero stock. Production cannot start at the very beginning of the cycle due to some practical difficulties such as delay in machine setup, shortages of raw materials, shortages of man power, etc. As a result, shortage continues to accumulate for some time at the very beginning of the cycle. Once the practical difficulties are removed, production starts at a rate greater than the demand rate. Inventory continues to build up after clearing the backlog, meeting the current demands and adjusting stock-loss due to deterioration. It then becomes necessary to stop production after some time due to difficulties such as limitation of warehouse space, machine failure, etc. The demands and deterioration for the remaining portion of the cycle period are met from the accumulated stock.
Numerical examples clearly show that both shortages and inventory continue to decrease when the number of cycles increases within a finite time-horizon. This trend is evidenced in both the case of increasing and decreasing demands.
Appendix-I
The interval 1 1 [ , ] 
.
Also, considering 2 3 [ , ]
i i t t to be fraction of (0 < < 1) 
